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PURE MATHEMATICS

PAPER 1
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UGANDA ADVANCED CERTIFICATE OF EDUCATION
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PURE MATHEMATICS
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3 hours

INSTRUCTIONS TO CANDIDATES:

Attempt ALL the EIGHT questions in
section A and any FIVE from section B.
All working must be clearly shown.
Mathematical tables with list of formulae
and squared paper are provided.

Silent, non-programmable calculators
should be used.

State the degree of accuracy at the end of
each answer using CAL for calculator and
TAB for tables.

Clearly indicate the questions you have
attempted in a grid on your answer
scripts.
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l.

SECTION A
Ifx = log, bc, y = log, ac and z = log, ab. Prove that;

x+y+z=xyz-2.

2.

10.

1.

12.

Given that y = tan xy, show that
@v_ Yy
dx cos?xy—-x '

n—l

Prove that the fomz

oS

The distance of the centre of the circle of radius 5 from the line 3x = 4y is 3 units.
Find the equation of the tangent to the circle which is parallel to the line 3x = 4y.

Show that the line === Ty ? 1s parallel to the plane 4x — y — 3z =4, and find

the perpendicular dlstance of the line from the plane.

Findx iftan ' x + tan™?

[N
B>

The expression ax* + bx3 - x> + 2x + 3 has aremainder 3x + 5 when it is
divided by x?-x-2, find values of a and b.

Ity =/(5x2 + 3), O (d—y)2 =5,

dx

SECTION B
Attempt any 5 questions ONLY

a) Solve the inequality;

X L xH2
x+1 = x+4
b) Given that f(x) = \/%, show that (1 — x2)f""(x) — 3xf1(x) = f(x). Hence

find the first two non-vanishing terms of the maclaurin’s expansion.

13 cos®
a) Find b [r0", 3 2%

atan—1a r dx, give your answer to 2 decimal places.

(1) Show that In2" forr=1,2,3,.......... is an arithmetic progression.
(1) Find the sum of the first 10 terms of the progression.
(ii1) Determine the least value of m for which the first 2m terms exceeds 883.7.

a) A tangent from the point T(t*,2t) touches the curve y? = 4x. Find
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1) The equation of the tangent

ii) The equation of the L parallel to the Normal at (t?, 2t) and passing through (1,0).
ii1) The point of intersection of the line L and the tangent.

b) A point P(x, y) is equidistant from x and T. show that the locus of

t2-3t—2(x+y)=0

13.

14.

15.

16.

a) Without using tables, evaluate,
sin [cos‘1 g + 2tan™?! _71]

b) sin3x +§= 2cos’x fro0 <x <2A

a) Find the Cartesian equation of the plane containing the points A(2,-1,1)  B(1,-
2,0) and C(-3,6,1). Find the angle between this plane and the line;

x y—-1 z+3

4 1 5

b) The position vector of points A and B are 3 L — §J +!g and 4j — 2!2 respectively. Find the

position vector of the foot of the perpendicular from the origin 0 to the line AB.

a) If (1 +31)Z; = 5(1+1). Show that the locus of |z — 21| is a circle. Find the coordinates of the
centre and radius of the circle.

b) Given that x and y are real, find the values of x and y which satisfy the equation.
2y+4i Yy 0
2x+y x—i

a) Solve the differential equation
sinx% + 2ycosx =1

b) An electric Kettle Switches itself off when the temperature of water in it reaches 100°C at
11:00am when Mr. Nsamba came back and found the temperature of water to be 45°C. 20
minutes later he measured it again and found it to be 65°C. According to the law of heating,
the rate of heating of a body in air is proportional to the excess temperature over the
surrounding at any time t. if the surrounding temperature was 25°C, Mr Nsamba wants to
know the time when the kettle switched off itself.

END
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SECTION A (40 MARKS)
Attempt all questions from this section.
2+ 2 1-V2 _ :
1. Ifz—ﬁ + A a + b\V2 Find the values of a and b. (5

marks)

2. The ninth term of an arithmetic progression is twice the third term, and the
fifteenth term is 27. Evaluate the sum of the first 25 terms of the series. (5
marks)

3. Differentiate x<°*

marks)

with respect to x. (S

4. Evaluate the definite integral f 01 xtan~!x dx(5 marks)

5. Solve the equation 3 cos 20 — 7 cosf — 2 = Ofor 0° < 8 < 360°. (5
marks)

6. Find the equation of the circle which touches the line 3x — 4y = 3 at the point
(5, 3) and passes through the point (—2,4). (5 marks)

7. The roots of the equation x% + px + 7 = 0 are X and f3. Given that <*+ % =
22,
find the possible values of p. (S
marks)

8. Prove that log, x = l L Hence solve the equation log;o x + log, 100 = 3

gxa
(5 marks)
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SECTION A (60 MARKS)
Answer any five questions from this section.

9. (a) If z = x + Ly, determine the Cartesian equation of the locus given by

(z-1) | _2 6 mark
@r1-0l 5 (6 marks)
(b) Sketch the loci defined by the equations:
21

(i) arg(z + 2) = -
(ii) arg (=) ==
(6 marks)

— 2
10.(a) Prove that sin46 = 4tan®(1-tan?9)

(1+tan20)

(6 marks)

b) Solve the equation tan™ (1 +x) +tan™11 —x = Z (6 marks
4

11. Find the coordinates of any maxima, minima and points of inflexion of the
3x—-1

(r—D)x15) that it may have. Hence sketch the curve y =

function y =
3x—1
(4x—-1)(x+5)
(12
marks)

12.(a) Find [ x+/(1 — x2) dx

2
(b) Express fl Xt

3 T
0 mdx = Zan + 5(9 marks)

da
13. (a) Find the particular solution of the differential equation xyd—i: =x2+ yz,

Given that y = 2, when x = 1(6 marks)

(b) A lump of radioactive substance is disintegrating. At time t days after it
was

d
first observed to have the mass of 10 grams and d—T = —km where k is a

constant.Find the time, in days for the substance to reduce to 1 gram in mass,
given that its half —life is 10 days. (The half - life is the time in which half of any
mass of the substance will decay.) (6 marks)
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14. (a) Find the values of m for which the line y = mx is a tangent to the circle
x%+ y2 + fy + ¢ = 0(3 marks)

(b) Find the points where the line 2y — x + 5 = 0 meets the circle
x% 4+ y? — 4x + 3y — 5 = 00btain the equation of the tangents and normal
to the circle at these points(6 marks)

15. (a) Show that the points A,B and C with position vectors 2 + 3j, 41 + 5§, 61 + 9]
respectively are the vertices of a triangle. Find the area of the triangle.
(5 marks)

(b) Find a vector rperpendicular to the vectors s = 5(+ 3j + k and

t=—1+ 3]+ 2k
Hence, find the equation of a plane passing through the point

A(5,—1,-2) and

parallel to s and t. Find the angle between the plane and the line

x-2 _ y-2 _ z-2
= == (7 marks)

1 2

1
1+x2

16. (a) If y = sin™1 show that 2 = (6
dx

x
V1+x2

marks)

(b) Use the Maclaurin’s theorem to find the first four terms of the expansion of
e”*sinx. (6
marks)
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SECTION A (40 MARKS)
1. Solve the simultaneous equations;
4* = 6 and 2(2%) = 3(2%).

2. When a polynomial P(x) is divided by x? — 7x — 18, the remainder is 2x + 5. Find
the remainder when p(x) is divided by;
Hx-9 (Wx +2

3. Showthat; cot™ (3) + cot (3) = cot™* ()

43

4. Find the equation of the Normal to the circle x* + y? - 2x - 24 = 0 at the point
O, 7)

sinx

5. Evaluate; fn/3

0 (1+cosx)?

0. The fourth, seventh and sixteenth terms of an A.P are in a G.P. If the first six terms of
the A.P have a sum of 12. Find the common difference of the A.P and the common
ratio of the G.P.

7. Find the position vector of the point of intersection, P, of the line with equation;

r= (i) + A (g) and the line joining the points with position vectors

(3) and (})

8. Find Z—z iny=1In {ex (E)}Z

x+2

© GLISS MATHEMATICS DEPARTMENT 2020 2



10.

11.

12.

13.

14.

SECTION B

a) Expand up to the 4t term of

@+ x

W (1 - 2x)%, and hence show that if x is small than

1+x)7 - (1-207 ~ 2 (6marks)
b) Apply the maclaraurin’s series to establish a series for; In (1 + x). hence, if x = g.
Show that bzz;sz =x— x2_2 + x2_3 (6marks)

a) Using the substitution y = wvx, solve the differential equation.

(2x —y) Z—z = 2x +y; giventhaty = 3whenx = 2. (S5marks)
b) An electron survey revealed that during the parliamentary campaigns in a certain
district, Mr. Katuntu was gaining support at a rate proportional to the product of the
number of people already supporting him and those who were not yet supporting
him. Po was the total population of the electorate and P was the number of people
supporting him at a time t.

() Write a differential equation describing Mr. Katuntu's support.

(i) If initially Mr. Katuntu had 100,000 supporters and the opinion polls revealed
that he was gaining 5000 people per week, and the total electrorate being
2,000,000 people and that he is to win the election if he gets 51% of the vote, find
how many weeks Mr. Katuntu needed to win the election.

(7marks)

(a) Find the acute angle between the line "5;6 = 1_Ty =z + 1 and the plane,

7x —y + 5z = -5, giving your answer to the nearest degree.

2
(b) Find the point where the linex + 1 = yT_Z = z — 3 cuts the plane r. (—1) =
3
(6bmarks)

-1 .
D D Sketch the curve clearly starting the asymptotes

and the restricted region fory.
(12marks)

a) Show that 25x2 + 9y2 — 100x — 54y = 44. Represent an ellipse. State the co-
ordinates of its;

() centre (it) eccentricity (i) Focii (7marks)
(b) A curve is given by the parametric equations X =4cos2t, y = 2sint. Show that
they represent a parabola, state its vertex and sketch the curve.

A curve is given by y = =

(5marks)
Y3 ) ) . 4 x3-3
Resolve PRSP into partial fractions. Hence evaluate; f3 D
(12marks)
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15.

16.

a) Differentiate with respect to x;
(i) (cosx)smx
.. -1 [1—=x
() tan™? [E] dx
(12marks)
Simplest form.

_ L4x . y? _ qdy —
b) If y = e**cos3x; shat that — 7 8-+25y=0

a) Prove that in any triangle ABC

2 2__ 2
tanBcotC = %
a<—b<+C

(b) f Z = (1 + cos26) + i(sin 20); where g <6 <

END
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SECTION A (40 marks)

(Answer all questions in this section)
1. Solve for x,inthe equation 9*~1 —3**2 4 162 = 0. (5
marks)

2. The lines 4x — 3y = 5 and y = 3 are tangents to two circles whose centres lie on the

line x = 7. Find the distance between the centres of the circles. (5
marks)

3. Solve  sec?(20) —3tan260+1=0, for 0°<6 <180° (5
marks)

4. The ages of a mother and her three children are in a geometrical progression, the sum

of their ages is 195 years and the sum of the ages of the two young children is 60 years.

Find the age of the mother. (5
marks)
5. Evaluate [ —D gy (5

3 2x2-3x+1

marks)

6. The equation of the normal to the curve xy? + 3y? —x3 + 5y — 2 = 0 at the point

(a,—2) is 15x — 8y — 46 = 0. Find the value of a. (5
marks)
7. Find 2 if y=xsin’x. whenx =2 (5
dx 4
marks)

8. Find the Cartesian equation of a plane containing point (1, 3, - 4) and the line XT_l =

— =2z (5 marks)
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SECTION B (60 marks)

(Answer any five questions from this section. All questions carry equal marks)

tan?A-2tanA—-1

9. (a.) Giventhat 24 + B = 135 show that tanB = — .
1-2tanA-tan<A

4
marks)
(b) If ais anacute angle and tana = %, show that

4sin(6 + a) + 3 cos(6 + a) = 5cosh. Hence solve for 6 the equation 4sin(6 + a) +
V300

3cos(0 +a) =—— for —180° < 9 < 180°. (8
marks)

10. (a.) Show that y = x — 3 is a tangent to the curve y = x? — 5x + 6. 3
marks)

(b.) A chord to the parabola 4x — 3y? = 0 is parallel to the line 2x —y =4 and
passes through point (1, 1). Find;

(i.) the equation of the chord.

(ii.) the coordinates of the points of intersection of the chord with the parabola.

(iii.) the acute angle between the chord and the directrix of the parabola.

(9 marks)
11.(a.) Expand (4 — 3x)% in ascending powers of x up to the term in x3. Taking x = %
find V97 . (8 marks)

9

(b.) Find the term independent of x in the binomial expansion of <2x — iz) .

X
(4 marks)
12. (a.) Solve for x and y values in the equation; — 4+ L= 6_13,i . (6
2+3i 3—1 9+7i

marks)
(b.) Given that —4 + i is a root of the equation z* + 6z3 + 6z2 + 6z + 65 = 0, find the
other roots of the equation and represent the roots in polar form. (6

marks)
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13. (a.) Find the volume of a solid generated by rotating about the y-axis, the area enclosed

by the curve y? + 4x =9, they-axisandy = —2. (5
marks)
(b) Find [ xIn(2x)dx . (3
marks)
(c.) Evaluate f;% dx . (4
marks)

14. The points A, B, C and D are given by the coordinates (5, 2, -3), (-1,0,-1), (9,5, -8)
and (5, 7, -14) respectively. If lines AB and CD intersect at point E. Find;
(i) Equations of lines AB and CD.
(ii.) Coordinates of point E

(iii.) The acute angle between lines AB and CD. (12 marks)

L . . 2t2
15. A curve is given by the parametric equations; x = 3t and = 1L

(a.) Find the Cartesian equation of the curve.
(b.) Sketch the curve, showing clearly the asymptotes and turning points.

(12 marks)

16. (a.) Solve the differential equation Z_i =4x — 7 ,giventhat y(2) =3. 3
marks)
(b.) The rate at which a candidate was losing support during an election campaign was
directly proportional to the number of supporters he had at that time. Initially he had
Vo supporters and t weeks later, he had V supporters.
(i.) Form a differential equation connecting V and t.
(ii.) Given that the supporters reduced to two thirds of the initial number in 6 weeks,
solve the equation in (i.) above.
(iii.) Find how long it will take for the candidate to remain with 20% of the initial

supporters. (9

marks)
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6.

SECTION A (40 MARKYS)

2
. If y=e*sinx, show that %zZ(ﬁ—yj.

dx
(Smarks)
Given that log,,2=a, prove that log,5= 1?:_aa : (Smarks)
. Solve by echelon method the following set of simultaneous equation:
X+3y+2=6
2x+y—-4z=17 (Smarks)
5Xx—-6y+z=9
. Partialise f (x) = L hence evaluate | f(x) dx. (5marks)

(x+1)(x-3)

. Form the equation of the circle which passes through A(1, 3)B(3, 5) and C(5, 3) in

the form x2 + y2 + 2fx + 2gy + ¢ = 0 hence state its centre and radius. (5marks)

Solve the equation 4cosx — 2cos2x = 3,for 0° < x < 2m (Smarks)

7(1)  In how many ways can the letters of the word GEOMETRY be arranged in a

(ii)
8.

9a)

b)

row?
In how many of these arrangements are the two E’s together? (Smarks)

The second, fourth and eighth terms of an AP are in a GP. The sum of the third
and fifth terms is 20. Determine the first three terms of the AP stated above.
(Smarks)

SECTION B (60 MARKYS)
If x 1s small enough so that terms in x* and higher powers may be ignored, use
1-X j 3x 15x°

=1-—+
1+2x 3 8

binomial  expansion to show that ( (8marks)

Expand by use of Maclaurin series up to the term in x? the function f (x)=sinx.

Hence evaluate sin30° to 4 decimal places. (4marks)
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10a) Initially, the number of bacteria present in a culture solution is No.

At time t = lhour, the number of bacteria is measured to be SN . The rate of

growth is assumed to be proportional to the number of bacteria present at any

time t. Show that the time necessary for the bacteria to grow to 3N,

(triple the original) is approximately 2.7hrs. (6marks)
b) A small metal piece initially at 20°C is dropped into a large container of water

kept at 100°C. It was observed that the temperature of the metal increased by
29C in one minute.

(1)  How long will it take for the temperature of the metal to increase to
900C?

(ii) Find the temperature of metal after 20minutes. (6marks)

11.  Evaluate the following:

0 jo% x?sin3x  dx (4marks)
X3
4mark:
(i) J o™ (4marks)
(1i1) J cos®x dx (4marks)

Xx-3 y+1 z-4
52
passing through a point A(5, -6, 6). (4marks)

12a)(i) Form the equation of the plane perpendicular to line

(1))  Determine the point B where the formed plane meets the line in (i) above.
(4marks)

b)  Determine the shortest distance from the point P(2, -5, 3) to the line
x-1 y+3 z-2

. 4marks
4 1 -2 ( )
13a) Prove that s_|n3A5|n6A+s!nAS|n2A =tanbA . (4marks)
SIN3A COSH6A +SIin ACoS2A
b) Show that tan‘{ljjtsin‘l = =Z. (4marks)
3 J5) 4
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c) Solve for 0 in the range 0 < 0 < 2w if 4cosO + 3sinO = 5. (4marks)

14.  Sketch the following curve systematically y = 3x=3) : (12marks)
(x+1){x-2)

15a) Determine the square root of the complex number 15 + 8i. (4marks)

b) Solve the equation z* + 622 + 25 =0 (4marks)

T . .. T ‘
CosS=—isin=
( 6 6)
. T . T
sin=+icos— |3
s oosg

and give the solution in modulus-argument form.

c) Evaluate

(4marks)

END
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SECTION A: (4OMARKS)
Answer all the questions in this Section.

1. Find the sum of the numbers between 5 and 250 which are exactly
divisible by 4. (5marks)

2. Given that the line; xT_g = y_—_: = ? meets the plane 4x — 3y —4z =13
at M. Find the coordinates of M. (5marks)

3. Use the substitution x = sinf to find the integral; [ % dx. (5marks)

4. Express tan(45° + x) in terms of tanx. Hence prove that; tan75° = 2 +
V3.
(5marks)
5. Given A(3,4) and B(-2,3), find the equation of the locus of points
P(x,y) which divide AB in the ratio 2:1. (5marks)
6. A women football team manager intends to take 18 players for a

tournament. The manager has 2 goal keepers, 8 defenders, 4 mid
fielders and 8 strikers. In how many ways can the team be chosen if
it must contain both goal keepers, at least 3 midfielders and 7
strikers. (5marks)

7. Solve the differential equation; C osech—i: = e*cosecx + 3x. (5marks)

8.  Solve for x in the equation; log(,+3)(2x + 3) + l0g(, 43y (x +5) = 2.
(5marks)
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10.

11.

12.
line

from

lies

13.

SECTION B (60MARKS)
Attempt any five questions from this Section.

. x3+2x%+61
Given that f(X) = m,

evaluate; | 01 f(x)dx. (12marks)

express f(x) in partial fraction. Hence

P(ap?, 2ap) and Q(aq? 2aq) are two variable points on the parabola
y? = 4ax. If PQ subtends a right angle at the origin, prove that pq =
—4,

a) Prove that PQ passes through a fixed point on the axis of the
parabola.

b) The tangents at P and Q meet at R, find the equation of the
locus of R. (6marks)

a) Differentiate tan™? ( e“;:( ) (6marks)
T .
b) Evaluate the integral; [ OE % (6marks)

a) P is the foot of the perpendicular from the point A(1,1,1) to the

Xx-1 -1 Z-2 : . .
=2 - = T Determine the perpendicular distance of A

the line to 4 dp’s. (5marks)

b) Given the points A(—1,2,3) and P(2,3,4). If the point B(a, 2a, 3)
on the plane 2x — 3y + 4z + 8 = 0. Find the value of a and the angle
between AP and AB. (7marks)

a) Solve the equation tanf — cotd = —1 for 0° < 6 < 360°. (5marks)

51139 Sind. Hence show that Sin15° = @. (
14+2c0s26 2v2

b) Prove that 7marks)
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14. a) Prove that log? = lo; e hence solve the equation log,x + log,2 =
b

2.5. (5marks)
b) A polynomial is given by P(x) = x + Ax? + x — 6. The ratio of the
remainder when P(x) is divided by (X + 1) to the remainder

when divided by (x — 2) is —1:5. find the value of A. (7marks)
15. a)lfZ = %\; , express Z in modulus argument form. (5marks)

b) Use demoiver’s theorem to prove that 2cosf = Z +% then

2cosnf = 7" + zin Hence solve the equation
5Z2* —11Z3+6Z*—-11Z+5=0. (7marks)

16. a) Determine the nature of the turning points of the curve y =
x(1 —x)2.
(5marks)
b) The acceleration of a particle is proportional to 2t-3. If the velocity
increases from 4ms-! to 8ms-! in the first 2 seconds of motion,

find;
i) its initial acceleration (5marks)
ii) the velocity after 5 seconds. (2marks)

*k kot END ok kok
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SECTION A (40 Marks)
Attempt ALL questions in this section.
5-2x

1. Solve the inequality g 2 — (5marks)

2. Evaluate f:

(5marks)

x2-3x+2

3. Solve the equation 2tanf + sin20secd = 1+ secf for0 < 6 < 2m.

(5marks)

4. The line 5x- 2y + 8 = 0 is a tangent to the circle with centre at (—2,3). Find
the equation of the circle. (5marks)

1

5. Expand (25 — 2x)z in ascending powers of x up to the term in x3. Hence by

taking x=1, obtain the value of v/23 correct to four significant figures.
(5marks)
6. Ify = e2*sin2x, show that%; = 8(2e**cos?x — 1). (5marks)

7. The position vectors of the points P and Q are 3i —j + 2k and 2i + 2j +
3k respectively. Find the acute angle between PQ and the line; )
1-x =222 (5marks)
2 2
8. Solve the differential equation, (Z—z)s = e™=3¥)_Given that y (6) = 0.
(5marks)
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SECTION B (60MARKS)
Attempt ONLY 5 questions in this section.

9. a) Show that; log,¢(xy) = %10g4 x+ %10g4 y. Hence or otherwise, solve
the simultaneous equations.
logye(xy) =2

log, x/log4y = -8 (7marks)

b)  Solve the equation 23+2¥) 4 3,2* — 1 = 0. (5marks)

10. a)  Find x, if sin"'x + cos™? (g) =2 (5marks)
b) Express 5sin® + 12cos@ in the form r sin(@ + a), giving the value of r

and a, hence find 5sin® + 12cos® = 7. (7marrks)

11. a) Differentiate with respect to x.

) x10810%
i) tan™?! (L ) simplify your answers (8marks)
b) ify = e™cos3x, show that — — 8— + 25y = 0. (4marks)

4
12. a)  Show that the line xz;z =22 = % and the plane r. <—1> =4 are

-1
-3
parallel and find the perpendicular distance of the line from the plane. (6marks)

b) Find the equation of the plane passing through the origin and parallel

to the lines’
3 4 5 4 -5 1

13. a) Solve the differential equation
x? % = y(y + x); Given that y(4) = 6. (4marks)

b) A certain game park was found to have 100 lions. Given that the lions
die at a rate proportional to the number of lions present and the initial
death rate is 5 lions per year.

) Form a differential equation and solve it.

i) How many lions will be in the park after six years? (8marks)
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14. a)

b)

15. a)
b)
16. a)
b)

Given that Z = cos @ + isin®, where ¢ # m,

show that ﬁ =1—itan G ®). (6marks)

The polynomial P(z) = z*- 3z% + 7z2% + 21z - 26 has 2 + 3i as one
of the roots. Find the other three roots of the equation P(z) = 0.
(6bmarks)

d

Work outfexfl. (5marks)
The area bounded by the curve y = x(x —4), and the x-axis is rotated
about the x-axis through a %2 -turn. Find the volume of the solid
generated. (7marks)

find an equation of the circle that passes through the points.
A(-1,4),B(2,5) and C(0,1). (5marks)
The line x + y = c is a tangent to the circle x2 + y?>-4y + 2 = 0.
Find the coordinates of the points of contact of the tangent for each
value of C. (7marks)

END
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